We construct a class of Euclidean invariant distributions H indexed by a function H holomorphic at zero. These generalized functions can be considered as generalized densities w.r.t. the white noise measure and their moments ful ll all Osterwalder-Schrader axioms except for re ection positivity.
istic is considered in AGW96] . Under this assumption the moments of the Euclidean invariant distributions H can be represented as moments of a generalized white noise measure P H .
Here we enlarge this class by convolution with kernels G coming from Euclidean invariant operators G. The moments of the resulting Euclidean invariant distributions G H also ful ll all OsterwalderSchrader axioms except for re ection positivity. For no nontrivial case we succeeded in proving re ection positivity. Nevertheless, an analytic extension to Wightman functions can be performed. These functions ful ll all Wightman axioms except for the positivity condition. Moreover, we can show that they ful ll the Hilbert space structure condition and therefore the modi ed Wightman axioms of inde nite metric quantum eld theory, see Str93] .
Introduction
This note is motivated by the Euclidean strategy for constructing interacting eld theories, see e.g. Sim74] and the references therein. Formally, the interacting eld theory with interaction V lives on the same measure space as the Euclidean free eld 0 
where (x) is a Gaussian random process at the point x 2 R d ; d 2 N. Since (x) in general is not an integrable function but rather a generalized function to de ne V ( (x)) leads to the problem of de ning powers of (x). Furthermore, (1) cannot hope to be anything but formal if V 6 = 0 since the only probability measure absolutely continuous w.r.t. 0 Additionally, a so called space cut-o is necessary, i.e., the integration in (1) is performed only over a bounded subset of R d , and sometimes also an ultraviolet cut-o , i.e., the Wick powers : (x) m : are smeared out with delta sequences. For certain classes of interactions by these renormalizations integrable densities w.r.t. 0 have been constructed and then some kind of limit which removes the cut-o s has been taken; a limit which does not require the output to be absolute continuous. Examples are: the P( ) 2 -model (the 2 stands for d = 2) where the interaction is given by a Wick ordered polynomial V = : P :, semi-bounded from below, see e.g. Sim74] and the references therein; the H egh-Krohn model, see The Schwinger functions associated to the interacting eld theory with interaction V are the moments of the measure V . But moments one can also obtain from generalized functions considered as generalized densities w.r.t. a Gaussian measure , they only have to have the property that monomials are test functions. This is the basic idea of our approach. Motivated by the Euclidean strategy we consider the following generalized white noise functional
We assume that the function H is holomorphic at zero and H(0) = 0. For all convoluted generalized white noise measures such that the L evy characteristic of the generalized white noise measure has a holomorphic extension at zero we can give an explicit formula for the generalized density w.r.t. the white noise measure, see Theorem 3.9. Furthermore, there exists a large class of generalized function H as in (2) which do not have an associated measure, see Remark 3.16. In Theorem 3.9 and Theorem 3.15 we prove that the Schwinger functions corresponding to the convoluted generalized functions G H also ful ll all Osterwalder-Schrader axioms except for re ection positivity.
For no nontrivial case we succeeded in proving re ection positivity. In AGW96] the authors present a partial negative result on re ection positivity for the Schwinger functions corresponding to moments of convoluted generalized white noise. More details about their results we quote in Section 4.1.
Without re ection positivity we can not perform the analytic continuation to Wightman functions via the reconstruction theorem proved in OS73]. Nevertheless, an analytic continuation can be done. Using results from the theory of Laplace transforms in AGW96] the authors analytically continued the Schwinger functions which are given as moments of convoluted generalized white noise to Wightman functions. In general, these functions only ful ll a part of the Wightman axioms, i.e., positivity (positive de niteness of the set of Wightman functions SW64], Jos65], and BLT75]) is missing. We generalized their idea to our case and in Theorem 4.1 we prove that the Schwinger functions corresponding to convoluted generalized functions G H also have an analytic extension to Wightman functions. These Wightman functions ful ll all Wightman axioms except for the positivity property. Furthermore, they ful ll the strong spectral condition with mass gap m 0 > 0 and their 2-point functions admit a K allen-Lehmann representation. For the Fourier transform of the truncated Wightman functions in AGW96] the authors found explicit formulas. Using these formulas and the Jost-Schroer theorem, in Theorem 4.2 we prove a negative result concerning the positivity property, see also Remark 4.3.
Since the appearance of gauge theories it has become natural to con- The space S 0 (R d )^ n is canonically isomorphic to \ S 0 (R nd ), the space of symmetric tempered distributions on R nd . All the results quoted above also hold for complex spaces.
In order to introduce a probability measure on the vector space S 0 we consider the -algebra C (S 0 ) generated by cylinder sets. The canonical Gaussian measure on (S 0 ; C (S 0 )) is given by its characteristic function 
( n;m is the Kronecker delta).
Consider the space P(S 0 ) of smooth Wick polynomial on S 0 : The bilinear dual pairing hh ; ii between (S) 1 and (S) ?1 is connected to the sesquilinear inner product on L 2 ( ) by
Since the constant function 1 is in (S) 1 we may extend the notion of expectation from integrable functions to distributions 2 (S) ?1 :
The chaos decomposition introduces the following natural decomposition of 2 (S) ?1 . Let (n) 2 S 0^ n C be given. Then there exists a distribution I( (n) ) acting on test functions ' 2 (S) 1 as
We use I( (n) ) = h: ! n :; (n) i, as a formal notation for the distribution introduced above. Any 2 (S) Later on we also use the T-transform of generalized functions. This transform can be de ned as T (g) := exp(? 1 2 jgj 2 ) S (ig); 2 (S) ?1 ; g 2 U:
An elementary calculation shows that the T-transform is also given by T (g) = hh ; i exp(h ; gi)ii; g 2 U:
The characterization theorem and its corollary are also valid for the Ttransform.
For elements from (S) ?1 we can de ne the Wick product:
De nition 2.4 Let ; 2 (S) ?1 . Then we de ne the Wick product by := S ?1 (S S ): This is well-de ned because Hol 0 (S C ) is an algebra and thus by the characterization theorem in (S) ?1 there exists an element such that S( ) = S S . Clearly, this multiplication is associative.
By induction, we can de ne Wick powers n = S ?1 ((S ) n ) in (S) ?1 and by taking nite linear combinations of them also Wick polynomials of nite order P N n=1 a n n can be de ned in (S) ?1 . Moreover, it is even possible to de ne Wick analytic functions in (S) ?1 under very general assumptions.
Theorem 2.5 Let F be analytic in a neighborhood of the point z 0 = E ( ) in C , 2 (S) ?1 . Then F ( ) de ned as F ( ) := S ?1 (F (S )) exists in (S) ?1 .
For a proof we refer to KLS96].
Remark 2.6 Let F be analytic at z 0 = E ( ); 2 (S) ?1 , i.e., F has the power series representation F(z) = P n a n (z ? z 0 ) n ; z; a n 2 C . Then the Wick series P n a n ( ? z 0 ) n converges in S ?1 and F ( ) = where ( f n )(t 1 ;x 1 ; : : : ; t n ;x n ) = f n (?t 1 ;x 1 ; : : : ; ?t n ;x n ); t i 2 R;x i 2 R d?1 , (time re ection), f ?
n (x 1 ; : : : ; x n ) := f n (x n ; : : : ; x 1 ) and the bar denotes complex conjugation. The space S C (R dn < ) is the space of Schwartz test functions having support in R dn < := f(t 1 ;x 1 ; : : : ; t n ;x n ) 2 R dn j0 < t 1 < : : : < t n g. OS4 (symmetry) For n 2 and all 2 n , the permutation group S n (f 1 : : : f n ) = S n (f (1) : : : f (n) ); where f 1 ; : : : ; f n 2 S C (R d ). De nition 3.2 Let f 1 ; : : : ; f n 2 S(R d ); n 2 N. We de ne the n-th Schwinger function corresponding to 2 (S) ?1 ; E ( ) = 1, by S n (f 1 : : : f n ) = hh ; h!; f 1 i : : : h!; f n iii; and S 0 = E ( ) = 1. Since P(S 0 ) (S) 1 the dual paring in the above de nition is well-de ned.
The 
Euclidean invariant distributions
In this section we construct a class of Euclidean invariant generalized functions. Generalized functions from (S) ?1 we call Euclidean invariant if their T-transform is Euclidean invariant. Our construction is motivated by the Euclidean strategy for constructing interacting eld theories, see e.g. Sim74] and the references therein. In the framework of white noise analysis we can This implies that the Schwinger functions (S H n ) n2N 0 are the moments of the measure P H . These measures are called generalized white noise measures.
Next we enlarge the class of Euclidean invariant distributions. We do this by convolution with kernels associated to Euclidean invariant operators. This idea is inspired by the method used in AGW96]. There the authors started with Euclidean invariant measures from the L evy-Khinchine class and then they constructed image measures by convoluting the corresponding generalized white noise with kernels associated to Euclidean invariant operators. These image measures are called convoluted generalized white noise measures. We need that the function H is holomorphic at zero and H(0) = 0. This is our restriction in choosing the coe cients in front of the integrals corresponding to the n-th truncated Schwinger function, see (12).
In AGW96] the authors need that the measure in the representation of the L evy characteristic, see Remark 3.7(ii), has all moments. This implies that F 2 C 1 (R), but F does not have to have a holomorphic extension.
Furthermore, also F(0) = 0 and F can not be a polynomial of order larger than 2. I.e., if only nite many H n ; n 2 N, di erent from zero than all H n ; n 3, have to be zero. Furthermore, the constant ?H n is the n-th moment of the measure for n 3. W 0 3 (HSSC) There exists a sequence (p n ) n2N , where for all n 2 N, p n : S(R nd ) ! 0; 1) is a Hilbert semi-norm, such that jW m+n (f ? g)j p m (f)p n (g) for all f 2 S C (R dm ) and g 2 S C (R dn ), n; m 2 N.
The HSSC permits the construction of a Hilbert space K and a quantum eld associated to a given collection of tempered distributions (W n ) n2N 0 ful lling the modi ed Wightman axioms (W 1), (W 2), (W 0 3), (W 4), and (W 5). Moreover, in MS80] the following theorem is proved. is not an item of the modi ed Wightman axioms, since, in general, it does not imply the uniqueness of the vacuum and irreducibility of the eld algebra as it does in the standard QFT.
(ii) The uniqueness of the vacuum cannot hold if T commutes with U(a; 1), a 2 R d , and T = 2 C , since in this case T is translations invariant.
(iii) We observe that there exist sequences of Wightman functions, associated to sequences of Schwinger functions which are not moments of measures, ful lling the modi ed Wightman axioms of Morchio and Strocchi. 
